In this paper we study the iterated commutators for multilinear singular integrals on weighted Morrey spaces. A strong type estimate and a weak endpoint estimate for the commutators are obtained. In the last section we present a problem for the multilinear Fourier multiplier with limited smooth condition. MSC: 42B20; 42B25
Introduction
As an important direction of harmonic analysis, the theory of multilinear Calderón-Zygmund singular integral operators has attracted more and more attention, which originated from the work of Coifman and Meyer [] , and it systematically was studied by Grafakos Let S(R n ) and S (R n ) be the Schwartz spaces of all rapidly decreasing functions and tempered distributions, respectively. Having fixed m ∈ N, let T be a multilinear operator initially defined on the m-fold product of Schwartz spaces and taking values into the space of tempered distributions, for all x / ∈ m j= supp f j and f  , . . . , f m ∈ S(R n ), where
for some >  and all  ≤ j ≤ m, whenever |y j -y j | ≤ 
where
The iterated commutator T b is defined by
To clarify the notations, if T is associated in the usual way with a Calderón-Zygmund kernel K , then at a formal level
. . , m, and min ≤j≤m q j = . The weighted strong and weak L q boundedness of T is also true for weights in the class A P which will be introduced in next section (see Corollary .
with q >  and q j > , j = , . . . , m. The result was extended in [] to all q > /m. In fact, the authors obtained the weighted L q -version bounds as follows, for all ω ∈ A P :
As may be expected from the situation in the linear case,
However, a sharp weak-type estimate in a very general sense was obtained in [] , that is, for all ω ∈ A (,...,) , We will prove the following strong type bound for T b on weighted Morrey spaces.
Theorem . Let T be an m-linear Calderón-Zygmund operator
and  < p j < ∞, j = , . . . , m; and b ∈ BMO m . Then, for any  < k < , there exists a constant
The following endpoint estimate will also be proved.
Theorem . Let T be an m-linear Calderón-Zygmund operator
;  < k < , ω ∈ A (,...,) ∩ (A ∞ ) m , and b ∈ BMO m . Then,
for any λ >  and cube Q, there exists a constant C such that
Remark . Here we remark that the above estimate is also valid for T b .
Some definitions and results
In this section, we introduce some definitions and results used later.
Definition . (A p weights)
A weight ω is a nonnegative, locally integrable function on R n . Let  < p < ∞, a weight function ω is said to belong to the class A p , if there is a http://www.journalofinequalitiesandapplications.com/content/2014/1/109 constant C such that for any cube Q,
and to the class A  , if there is a constant C such that for any cube Q,
We denote A ∞ = p> A p . 
where the condition ω
Definition . (Weighted Morrey spaces) Let  < p < ∞,  < k < , and ω be a weight function on R n . The weighted Morrey space is defined by
The weighted weak Morrey space is defined by
Definition . (Maximal function) For (t) = t( + log + t) and a cube Q in R n we will consider the average f ,Q of a function f given by the Luxemburg norm
and the corresponding maximal is naturally defined by
and the multilinear maximal operator M ,Q is given by
The following pointwise equivalence is very useful:
where M is the Hardy-Littlewood maximal function. We refer reader to [, ] and their references for details.
We say that a weight ω satisfies the doubling condition, simply denoted ω ∈  , if there is a constant C >  such that ω(Q) ≤ Cω(Q) holds for any cube Q. If ω ∈ A p with  ≤ p < ∞,
for any cube. 
Lemma . (Theorem . []) Let p >  and let ω be a weight in A
for all f = (f  , . . . , f m ) bounded with compact support.
Lemma . (Theorem . []) Let ω ∈ A (,...,) . Then there exists a constant C such that
By the above two inequalities, Pérez and Trujillo-González obtained the following results.
Lemma . (Theorem . []) Let T be an m-linear Calderón-Zygmund operator; ω ∈ A P with
and  < p j < ∞, j = , . . . , m; and b ∈ BMO m . Then there exists a constant C such that 
where (t) = t( + log + t) and
Proofs of theorems
We only present the case m =  for simplicity, but, as the reader will immediately notice, a complicated notation and a similar procedure can be followed to obtain the general case. Our arguments will be standard.
Proof of Theorem . For any cube Q, we split f j into f
Then we only need to verify the following inequalities:
.
From Lemma . and Lemma ., we get
Since II and III are symmetric we only estimate II. Taking λ j = (b j ) Q,ω j , the operator T b can be divided into four parts:
Using the size condition () of K , Definition ., and Lemma ., we deduce that for any
Taking the above estimate together with Hölder's inequality and Lemma ., we have
, where the last inequality is obtained by the property of A ∞ : there is a constant δ >  such that
and so
The term II  is estimated in a similar way and we deduce
Finally, we still split
Because each term of IV j is completely analogous to II j , j = , , ,  with a small difference, we only estimate IV  :
Hence,
Combining all estimates, we complete the proof of Theorem ..
We now turn to the proof of Theorem ..
Proof of Theorem . By homogeneity, we may assume that λ = b  BMO = b  BMO =  and we only need to prove that
To prove the above inequality, we can write
for any cube Q. Employing Lemma . and Lemma ., we have
From Lemma . and Lemma ., we deduce that 
A similar statement follows:
Thus we complete the proof of Theorem .. 
A problem

